We verify, both perturbatively and nonperturbatively asymptotically in the ultraviolet (UV), a special case of a low-energy theorem of the NSVZ type in QCD-like theories, recently derived in Phys. Rev. D 95 (2017) 054010, that relates the logarithmic derivative with respect to the gauge coupling, or the logarithmic derivative with respect to the renormalization-group (RG) invariant scale, of an npoint correlator of local operators in one side to an n + 1-point correlator with the insertion of Tr F 2 at zero momentum in the other side. Our computation involves the operator product expansion (OPE) of the scalar glueball operator, Tr F 2 , in massless QCD, both perturbatively and in its RG improved form, by means of which we extract both the perturbative divergences and the nonperturbative UV asymptotics in both sides. We also discuss the role of the contact terms in the OPE, both finite and divergent, discovered some years ago in JHEP 1212 (2012) 119, in relation to the low-energy theorem. Besides, working the other way around by assuming the low-energy theorem for any 2-point correlator of a multiplicatively renormalizable operator, we compute the corresponding lower-order perturbative OPE and nonperturbative asymptotics. The low-energy theorem has a number of applications: to the renormalization in asymptotically free QCD-like theories, both perturbatively and nonperturbatively in the large-N 't Hooft and Veneziano expansions, and to the way the open/closed string duality may or may not be realized in the would-be solution by canonical string theories for QCD-like theories, both perturbatively and in the 't Hooft large-N expansion. Our computations will also enter further developments based on the low-energy theorem. (S) 1 by a change of renormalization scheme in perturbation theory 27
Introduction and conclusions
One of the aims of this paper is to verify, both perturbatively and nonperturbatively asymptotically in the ultraviolet (UV), a special case of a recently derived low-energy theorem [1] of the Novikov-Shifman-Vainshtein-Zakharov (NSVZ) type [2] in SU(N) QCD-like gauge theories.
It relates the logarithmic derivative with respect to the 't Hooft gauge coupling, g 2 = g 2 Y M N, of an n-point correlator of local operators, O k , to an n + 1-point correlator with the insertion of Tr F 2 at zero momentum [1] :
where the Wilsonian normalization of the YM action is chosen (Sec. 2) and the operators, Tr F 2 and O k , are g independent (Sec. 2). It admits another version [1] , where the logarithmic derivative with respect to the gauge coupling is replaced by the logarithmic derivative with respect to the renormalization-group (RG) invariant scale, Λ QCD , in an asymptotically free QCDlike theory (Sec. 2.2):
After rescaling the gauge field in the functional integral by a factor of g The canonical version of Eq. (1.1), which is most suitable for perturbative computations, -Eq. (2.6) with n = 2 and O k = Tr F 2 -has been employed to analyze the renormalization properties of QCD-like theories perturbatively to one loop in [3] and the way the open/closed string duality [4, 5] may be actually implemented [3] in string theories realizing perturbatively [5] QCD-like theories.
The second version -Eq. (1.2) with O k = Tr F 2 -has been employed to compute the nonperturbative countertems [1] in the large-N 't Hooft [6] and Veneziano expansions [7] of QCD-like theories.
Moreover, it has entered crucially a no-go theorem [3] that the nonperturbative renormalization in the 't Hooft large-N QCD S matrix is incompatible with the open/closed string duality of a would-be canonical string solution, which therefore does not exist [3] . By a canonical string solution we mean [3] a perturbative expansion in the string coupling, g s ∼ 1 N , for the string S matrix that matches the topology of the 't Hooft large-N expansion and computes the large-N QCD S matrix by means of an auxiliary 2d conformal field theory living on the string world-sheet with fixed topology [6] [7] [8] [9] . A noncanonical way-out to the no-go theorem has been suggested in [3, 10] . Relatedly, the large-N Veneziano expansion [7] has been briefly discussed in [10] .
Because of the importance of the low-energy theorem for the above subjects, a deeper understanding and an explicit evaluation of both sides in Eqs. (1.1) and (1.2) are most interesting.
In fact, the divergent parts in both sides of the canonical version of Eq. (1.1) -Eq. (2.6) for n = 2 and O k = Tr F 2 -have already been computed to one loop in perturbation theory in [3] , thus partially verifying a special case of the low-energy theorem perturbatively. Yet, we include (Sec. 3) in the aforementioned one-loop computation the finite contact term that arises from the operator product expansion (OPE) of Tr F 2 (Eq. (1.3)) in the canonical version of Eq. (1.1) that has been skipped in [3] .
Moreover, we extend the one-loop perturbative computation in [3] to two loops in Subsec. 3.2, including as well the divergent contact term in the OPE of Tr F 2 (Eq. (1.3)) discovered some years ago to two loops in [11] , whose renormalization has been recently discussed in [17] .
Besides, we compute in Sec. 4 the nonperturbative universal, i.e., renormalizationscheme independent, UV asymptotics 1 in the coordinate representation in both sides of Eq. (1.2) for n = 2 and O k = Tr F 2 .
Our nonperturbative computation furnishes a detailed derivation and an improvement to the next to leading logs of the crucial -for the no-go theorem in [3] nonperturbative leading-log asymptotic estimate in the coordinate representation in [3] , and provides another check of the low-energy theorem.
In order to perform the computations, we employ firstly the perturbative OPE worked out in [11, 12, 17] that is recalled in App. B. A previous perturbative lowerorder computation appeared in [13] . We pass from the perturbative OPE in the momentum representation [11, 12, 17] in Apps. B.1 and B.3 to the OPE in the coordinate representation by the Fourier transform in Apps. B.2 and B.4. From it we get the normalization for the nonperturbative universal RG-improved UV asymptotics of the OPE coefficients in the coordinate representation derived a priori in App. A, which includes the leading and next to leading logs.
Moreover, by making the OPE coefficients RG invariant by a suitable rescaling of the operators, we verify in App. B their nonperturbative asymptotics by rewriting the perturbative computation, originally expressed in terms of g(µ) and large logs [11, 12, 17] , in terms of the running coupling, g(x), to the given perturbative order.
Previous related results about the universal asymptotics of the OPE both in the momentum and coordinate representation have been obtained in [14, 15] and, only about the leading logs, in the momentum representation in [16] and in the coordinate representation in [3] .
Besides, working the other way around by assuming the low-energy theorem for any 2-point correlator, OO , of a multiplicatively renormalizable operator, O, we compute the corresponding lower-order perturbative OPE and nonperturbative UV asymptotics in Sec. 5.
Our computations will also enter further developments that assume the lowenergy theorem. Now, we describe the organization of the paper and the details of the computations.
In Sec. 2 we recall the proof of various versions of the low-energy theorem. The version that involves the canonically normalized YM action -Eq. (2.6) in Subsec. 2.3 -is suitable for its perturbative check. The version that involves Λ QCD -Eq. (1.2) in Subsec. 2.2 -enters the nonperturbative UV asymptotics of the low-energy theorem in Sec. 4.
Firstly, we aim to verify Eq. (2.6) in the coordinate representation for n = 2 and O k = Tr F 2 perturbatively in Sec. 3.
For brevity we define F 2 (x) ≡ 2 Tr F 2 (x). While the 2-point correlator for F 2 in the lhs of Eq. (2.6) is available perturbatively [11, 12, 17] , a direct computation of the 3-point correlator in the rhs is not available.
Therefore, we exploit the OPE for F 2 (x)F 2 (0) in massless QCD (i.e., QCD with massless quarks):
is the coefficient of the operator F 2 itself, and the dots stand for operators whose contribution to the 3-point correlator in Eq. (2.6) turns out to be subleading as x → 0 [18] .
Thus, our computation cannot be exact, but it is affected by finite ambiguities due both to the incomplete OPE and to regularizing in the infrared (IR) the integral in the rhs of Eq. (2.6) in perturbation theory (Sec. 3). Yet, our computation suffices to verify the perturbative universal divergent parts in both sides of Eq. (2.6) (Sec. 3) and, as we will see, the nonperturbative UV asymptotics in both sides of Eq. (1.2) (Sec. 4).
For multiplicatively renormalized F 2 in massless QCD, C (S) 0 has been computed in the MS scheme to three loops, both in the momentum and coordinate representation, in [11] :
has been computed in the MS scheme, in the momentum representation to two loops in [11] and to three loops in [12] . We perform in App. B.4 its Fourier transform in the coordinate representation:
where:
are the first-three coefficients of the QCD beta function, ∂g ∂ log Λ = β(g) = −β 0 g 3 − β 1 g 5 − β 2 g 7 · · · , and A (S) 0,j , A (S) 1,j are finite coefficients computed in [11, 12] . δ (4) (x) and ∆ 2 δ (4) (x) are contact terms in the coordinate representation, i.e., distributions supported at coinciding points. They arise from polynomials in the momentum representation. Interestingly, both finite and divergent contact terms occur in the perturbative OPE [11, 17] . The divergent contact terms require further additive renormalizations [17] with respect to the multiplicative renormalization of F 2 due to its anomalous dimension.
By exploiting the OPE in Eq. (1.3), Eq. (2.6) reads:
We test Eq. (1.9) in perturbation theory by extracting the divergent parts in both sides from the unrenormalized OPE both to one loop in Subsec. 3.1 and two loops in Subsec. 3.2. Indeed, the low-energy theorem is derived for the bare coupling in Eqs. are, in fact, inessential to verify the low-energy theorem, since they can be skipped by choosing z = 0 in Eq. (1.9). Instead, the contact terms in C is integrated over the whole space-time.
We demonstate that the finite contact term to the order of g 0 in C (S) 1 in the rhs of Eq. (1.9) is crucial to match the first term in the lhs perturbatively 2 (Sec. 3). Thus, somehow surprisingly, the rationale for its occurrence is the low-energy theorem.
We observe that the log-divergent contact term in C (S) 1 to the order of g 4 [11, 12, 17] mixes in Eq. (1.9) with the scheme-dependent two-loop divergences due to the anomalous dimension of F 2 (Sec. 3). Since the latter divergences to the order of g 4 are affected by the aforementioned finite ambiguities to the order of g 2 , presently we cannot argue on the basis of the low-energy theorem about the renormalization of the two-loop divergent contact term in C (S) 1 perturbatively. We have anyway computed the constant finite parts to two loops in both sides of Eq. (1.9), with the IR subtraction point of the integral in the rhs specified below, for future employment as well.
Yet, if we skip the divergent contact term in C (S) 1 , but not the finite one, the low-energy theorem is verified nonperturbatively for the renormalized correlators asymptotically in the UV in Sec. 4. This is compatible with the previous result in [17] , obtained independently of the low-energy theorem, that the divergent contact term in C (S) 1 should be renormalized to zero.
We discover in Subsec. 3.1 the prescription for the IR subtraction point of the integral in the rhs of Eq. (1.9) that also allows us to reproduce the finite small-z dependence in the lhs in perturbation theory to one loop.
We apply the very same subtraction prescription to compute the nonperturbative UV asymptotics in both sides of Eq. (4.3), verifying their asymptotic agreement in the UV.
Our computation involves the nonperturbative UV asymptotics of the OPE coefficients in the coordinate representation, which we establish a priori, up to a constant overall normalization, by means of the Callan-Symanzik equation in App. A, following standard methods worked out in [14, 15] . Then, we employ the perturbative results in App. B to fix the overall normalization as well.
Alternatively, following [14] we verify in App. B.3 and B.6 the nonperturbative UV asymptotics of the RG-invariant coefficients, β(g)
1 , previously derived a priori in App. A, by means of a change of the perturbative renormalization scheme that allows us to rewrite the perturbative results, originally expressed in terms of g(µ) and large logs [11, 12, 17] , in terms of the running coupling, g(x), to the given perturbative order.
Finally, by inverting the logic of the computation, we derive from the low-energy theorem for any 2-point correlator, OO , of a multiplicatively renormalizable oper-ator, O, the lower-order perturbative OPE and the nonperturbative UV asymptotics in Sec. 5.
Since the rhs of the low-energy theorem contains an operator insertion at zero momentum, it is somehow surprising that the low-energy theorem is asymptotically verified nonperturbatively in the UV.
Yet, our RG-improved computations in Secs. 4 and 5 seem to show a posteriori that the integral on space-time in rhs of the low-energy theorem, given the aforementioned specific choice of the IR subtraction point dictated by one-loop perturbation theory, is in fact dominated by the UV asymptotics of the integrand. This is compatible with the universal belief that, nonperturbatively, the IR of the integrand in the rhs of Eqs. (1.9) and (5.1) is exponentially suppressed because of the glueball mass gap [3] .
The low-energy theorem

Low-energy theorem in terms of the Wilsonian coupling
For completeness we report the proof of the low-energy theorem in QCD-like theories according to [1] . Given a set of local operators, O k , and the Wilsonian normalization of the action, by deriving:
with respect to − 1 g 2 , we obtain:
where the trace, Tr, is in the fundamental representation, Tr F 2 ≡ Tr(F µν F µν ), the sum over repeated indices is understood, and
From the derivation it is clear that all the operators -O k , Tr F 2 , and in the dots -are chosen to be g independent. It also is clear that g in Eqs. (2.1) and (2.2) is the bare coupling.
Low-energy theorem in terms of Λ QCD
A second version [1] of the low-energy theorem holds in an asymptotically free QCDlike theory:
as it follows by employing the chain rule, ∂ ∂ log g = ∂Λ QCD ∂ log g ∂ ∂Λ QCD , the defining relation:
and the identity:
for a function f (g).
Low-energy theorem in terms of the canonical coupling
In order to verify the low-energy theorem in perturbation theory it is convenient to employ the canonical normalization of the action [3] . Thus, we rescale the gauge fields in the functional integral by a factor of g √ N . Of course, the rescaling does not affect the expectation value of the operators. As a consequence,
3 Low-energy theorem for F 2 (z)F 2 (0) in perturbation theory Perturbatively, for n = 2 and O = F 2 , Eq. (2.6) becomes:
since the condensate, F 2 , vanishes identically in dimensional regularization to every order in perturbation theory. We verify Eq. (3.1) in perturbation theory for the unrenormalized operator, F 2 , [3] . We choose z = 0 in order to skip the inessential contact terms in the lhs of Eq. (3.1). The lhs is in general log divergent [3] to one loop because of the anomalous-dimension coefficient, γ 0 = 2β 0 , of F 2 , where:
By a standard argument reported in [14] the anomalous dimension of F 2 is related to the beta function:
3)
It follows:
Only γ 0 is scheme independent. We will construct explicitly in App. B.3 the scheme where γ 1 = 4β 1 following [14] . It turns out to be the scheme where the constant finite parts of C (S) 0 (z) for z = 0 vanish to two loops. Hence, also the rhs in Eq. (3.1) must be divergent, and the divergence can be evaluated by means of the OPE in Eq. (1.3) [3] . Thus, it suffices to evaluate asymptotically the 3-point correlator, F 2 (z)F 2 (0)F 2 (x) , by fixing z while x may be close either to z or 0.
For x close to 0 we get:
Therefore, as far as the divergent parts are concerned, the low-energy theorem reads:
where a factor of 2 has been included in the rhs to take into account that x can be close either to z or 0 [3] .
To evaluate Eq. (3.6) we employ in the rhs the perturbative version of C the lowest-order contact term:
Eq. (3.6) simplifies significantly:
Interestingly, the lowest-order contact term is crucial to satisfy Eq. (3.6) to the order of g 0 . In [3] both this contact term and the compensating first term in the lhs of Eq. (3.6) have been skipped (Sec. 3.1).
One loop
To verify Eq. (3.8) to one loop [3] , we employ the corresponding unrenormalized oneloop OPE coefficients in the coordinate representation. They are obtained simply setting µ = Λ in the renormalized ones:
In Eq. (3.9) we have skipped the inessential contact terms in C (S) 0 (z) by choosing z = 0. Hence, the divergent part of Eq. (3.8) reads to one loop:
The integral in the rhs is both UV and IR divergent [3] . Incidentally, this divergence plays a key role for the compatibility of the open/closed string duality with perturbation theory in massless QCD [3] .
We regularize the integral by restricting to the domain
Hence, performing the integral in polar coordinates, we get:
that implies Eq. (3.11) according to [3] .
Our key observation is that we can also match the z dependence of the finite part in the lhs of Eq. (3.8), provided that we suitably modify the integration domain in the IR,
By including the constant finite parts for future employment, we get to one loop:
This prescription plays a key role for getting the correct nonperturbative RG-improved UV asymptotics in the rhs of Eq. (4.3). Of course, any prescription for the IR cutoff in the rhs leads, already to one loop, to an ambiguity for the constant finite parts to the order of g 2 in the rhs. Presently, we cannot resolve this finite ambiguity in the framework of our computation that is either based in this Sec. on the perturbative OPE or on its universal nonperturbative asymptotics in Sec. 4.
Two loops
The one-loop O(g 2 ) UV divergence computed in Subec. 3.1 is universal, i.e., it depends only on the first coefficient of the anomalous dimension. The O(g 4 ) quadraticlog divergence in the lhs of Eq. (3.8) is universal as well, because it is essentially the square of the one-loop divergence. Instead, the O(g 4 ) log divergence is scheme dependent, and therefore depends on the constant finite parts to the order of g 2 . Thus, we verify perturbatively Eq. However, we compute as well the scheme-dependent finite and log-divergent parts in both sides of Eq. (3.8) to the order of g 4 for future employment. We evaluate the rhs of Eq. 3.8 to two loops:
It reads to the order of g 4 :
Hence, we evaluate Eq. 3.8 to the order of g 4 :
Therefore, the universal quadratic-log divergences in both sides of Eq. (3.8) agree.
4 Nonperturbative UV asymptotics of the low-energy theorem for F 2 (z)F 2 (0)
We compute now the nonperturbative UV asymptotics of the low-energy theorem for F 2 (z)F 2 (0) within the universal leading and next to leading logarithmic accuracy, by means of the nonperturbative UV asymptotics of the renormalized OPE coefficients in App. A, and of their perturbative normalization in App. B.
It is convenient to introduce the RG-invariant coefficients β(g)
The change of normalization does not affect the universal asymptotics but for the overall normalization, yet it is specifically convenient for the perturbative computation in Apps. B.3 and B.6. Their universal UV asymptotics reads:
and:
where the second asymptotic equalities follow from Eq. (A.13).
It is convenient to employ the version of the low-energy theorem that involves Λ QCD and the canonical normalization of the action in Eq. (2.7). We skip the finite contact term in C that, according to [17] , should be renormalized to zero. Then, for the renormalized correlators, it should hold nonperturbatively and asymptotically:
Firstly, we compute the lhs of Eq. (4.3):
In the rhs of Eq. (4.3) the crucial step is the integration of − β(g) g C (S) 1 . According to the prescription in Subsec. 3.1, we have restricted the integral to the domain
But now, after the RG resummation, the integral is UV convergent because of the AF, and therefore we can remove the UV cutoff. Thus, we may extend the integration to the new domain D ∞
Incidentally, the nonperturbative UV finiteness of the integral in Eq. (4.3), as opposed to the UV divergence of the integral in Eq. (3.11) in perturbation theory, plays a key role for the no-go theorem in [3] . We get:
that substituted in the rhs of Eq. (4.3) implies:
that actually matches Eq. (4.4).
Just as an aside, the integral in Eq. (4.5) is computed in polar coordinates by means of the obvious change of variables and by integrating by parts:
with |x| = √ x 2 . 0 , up to a finite term on the order of g 2 , reads to one loop for z = 0:
with P (s) (z) the spin projector in the coordinate representation in the conformal limit, A a constant normalization factor, D the canonical dimension, and γ (O) 0 the first coefficient of the anomalous dimension.
The first term in the lhs of Eq. (5.1) implies that a finite contact term should occur for c = 0 to the order of g 0 :
By skipping the contact term in the rhs and the compensating term in the lhs of Eq. (5.1), to the order of g 2 the low-energy theorem implies: 
Then, the nonperturbative UV asymptotics of the low-energy theorem reads:
with:
The lhs of Eq. (5.7) reads:
The integral in the rhs of Eq. (5.7) is UV convergent exactly as in Sec. 4, and the integration domain can be extended to D ∞
Therefore, the rhs of Eq. (5.7) reads:
that actually matches Eq. (5.9).
A Nonperturbative UV asymptotics of the OPE
According to the RG, the nonperturbative UV asymptotics of the renormalized OPE coefficients, C 0 , C 1 and C 
follows from the associated Callan-Symanzik equations in the coordinate representation, which guarantees the absence of contact terms for x = 0 and, consequently, of additive renormalizations [14, 15, 18] :
with D, γ O (g) and D 1 , γ O 1 (g) the canonical and anomalous dimension of the operators O and O 1 respectively. The general solutions [14, 15, 18] are: 
determined by the anomalous dimension, γ O (g):
and the beta function, β(g):
that can be computed in perturbation theory. The asymptotic expansion of Z (O) for x → 0 follows from Eq. (A.9):
where the dots represent a series in powers of g 2 (x) and g 2 (µ). By an abuse of notation we have set g(x) ≡ g(xΛ QCD ) and g(µ) ≡ g(µ −1 Λ QCD ), where within the universal -i.e., renormalization-scheme independent -leading and next to leading asymptotic accuracy:
Indeed, in Eq. (A.13) we may substitute to Λ QCD any finite scale, µ, without changing the universal asymptotics. Thus:
where the constant factor, Z (O) ′ (g(µ)), is the limit of the exponential in Eq. (A.12) as g(x) → 0. For brevity, in writing the universal UV asymptotics of Z (O) , we skip systematically the factor of Z (O) ′ (g(µ)), which is on the order of 1 + O(g 2 (µ)). Hence, the universal UV asymptotics of the OPE coefficients [14, 15, 18] is:
for some integer l and k, up to constant normalization factors that can be fixed by perturbation theory. The RG-invariant factors, g 2l (x) and g 2k (x), which arise from the asymptotics of G Indeed, we have shown in Sec. 5 that O(z)O(0)F 2 (x) necessarily starts to the order of g 2 in perturbation theory up to contact terms as a consequence of the low-energy theorem, and thus actually vanishes to the lowest order up to contact terms.
Instead, the 2-point correlator, C (O) 0 (x), of a nontrivial Hermitian operator, O, is necessarily nonvanishing [14, 15, 18] in the conformal limit of a unitary massless QCD-like theory.
It follows from from Eqs. (3.9):
from Eq. (3.10):
and from Eq. (5.5):
in the momentum representation
For the reader convenience, we report the relative normalization of the OPE coefficients computed in [11, 12, 17] for the multiplicatively renormalized operator, F 2 , in the MS scheme:
with respect to our conventions:
Thus:
0CZ is given in [17] to three loops in the momentum representation: in the momentum representation:
In Eq. (B.6) we have also included the contact terms computed in [17] . in the coordinate representation, we Fourier transform employing the relations [14] :
in the coordinate representation:
and A We skip the contact terms, and we multiply Eq. (B.18) by g 4 that is equivalent to consider the OPE of g 2 F 2 . Then, following [14] we change the renormalization scheme by redefining the coupling constant: Remarkably, the coefficient of the log term to the order g 4 ab is [14] now:
Thus, γ (F 2 ) 1 = 4β 1 in this scheme, according to Eq. (3.4). It follows:
In order to verify Eq. (A.18) we should express Eq. (B.32) in terms of g(x), which reads to two loops [14] :
Hence:
This cannot be done immediately, because the coefficient of the term g 4 (µ) log(x 2 µ 2 ) in Eq. (B.32) is 4β 1 instead of 2β 1 in Eq. (B.34). Following [14] we insert the identity:
in Eq. (B.32) to the relevant order:
where in the first line we have expanded to the order of g 4 :
The factor of 1 We may remove the scale-dependent term in Eq. (B.36), −2 β 1 β 0 g 2 ab (µ), multiplying Eq. (B.36) by β 2 0 (1 + β 1 β 0 g 2 ab (µ)) 2 that makes g 4 ab (µ)C (S) 0 RG invariant [14] . Hence, we get to the relevant perturbative order:
according to the nonperturbative asymptotics in Eq. (4.1).
B.4 Perturbative C (S) 1
1CZ has been given in [11, 12] to three loops in the momentum representation in the MS scheme:
in the momentum representation: 27
As demonstrated in [17] , the divergent contact terms in Eq. (B.41) are expressed in terms of the coefficients of the QCD beta function: As for C (S) 0 , we skip the contact terms, and we multiply Eq. (B.51) by g 2 that is equivalent to consider the OPE of g 2 F 2 . Following [14] we change the renormalization scheme by redefining the coupling constant: 
